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Abstract
In this paper we discuss correlation function computations in massive topological Landau-
Ginzburg orbifolds, extending old results of Vafa [1]. We then apply these computations to
provide further tests of the nonabelian mirrors proposal and two-dimensional Hori-Seiberg
dualities with (S)O± gauge groups and their mirrors.
Contents
1 Introduction 1
2 Orbifolds of topological Landau-Ginzburg models 2
3 Two-dimensional Hori-Seiberg dual and mirror symmetry 8
4 SO/O+ dualities in the mirror 10
4.1 Mirror to O+(k)/SO(k) gauge theory . . . . . . . . . . . . . . . . . . . . . . 10
4.2 Mirror to dual SO(N − k + 1)/O+(N − k + 1) . . . . . . . . . . . . . . . . 16
4.3 Comparison of the correlation functions of dual theories . . . . . . . . . . . . 20
5 O−(k)/O−(N − k + 1) in the mirror 25
1 Introduction
Gauged linear sigma models (GLSMs)1 [2] were originally motivated by investigating the
correspondence between Calabi-Yau and Landau-Ginzburg model conjectured in [3]. They
also play an important role in understanding mirror symmetry. For abelian gauge the-
ories, for example, Morrison and Plesser [4, 5] interpreted the mirror symmetry between
two Calabi-Yaus as a duality between corresponding GLSMs, and Hori and Vafa [6, 7] con-
structed Landau-Ginzburg models (LGs) mirror to GLSMs.
For abelian GLSMs, many results are known. However, the nonabelian GLSMs are still
under active development, although there has been a lot of progress in understanding many
aspects of nonabelian GLSMs over the last fifteen years. Following [2,8], Hori and Tong [9]
systematically studied the dynamical behavior of GLSMs with U(k) as well as SU(k) groups
and they found two different Calabi-Yau geometries are related by a GLSM, an extension
of Witten’s CY/LG correspondence. (See also [10] for the similar phenomenon in abelian
GLSMs). In 2011 Hori [11] investigated more nonabelian gauge groups which admit infrared
dualities, and these are reminiscent of 4d N = 1 Seiberg dualities [12]. Furthermore, these
dualities can be tested by studying the exact results obtained from the supersymmetric
localization [13–16], a review on these can be found in [17, 18]. From the two-dimensional
partition functions, the authors of [19] observed that each nonabelian GLSM has a corre-
sponding abelian-like GLSM which they called the associated Cartan theory2. All these
developments inspired the author of this paper with Eric Sharpe to propose the mirror
construction for nonabelian GLSMs [24]. After that, two followup work were aimed to do
more consistency checks to the mirror proposal as well as other physical results in the gauge
theories. One is the mirrors of pure gauge theories of exceptional groups studied in [25] and
the other is about the consistency check of Hori-Seiberg dual [11,12] in the mirror LGs [26].
1In this paper, we only focus on the N=(2,2) worldsheet supersymmetry.
2One can test this correspondence beyond the partition function; for example, one can study the match
of elliptic genera. [20–23]
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See also [27–42] for some related works on these directions.
In this paper, we study B-twisted Landau-Ginzburg models with massive orbifolds fol-
lowing the discussion in [26]. We provide formulas for correlation functions. A parallel
discussion in the A-twisted gauge theories can be found in [43], which provides some perti-
nent tools. The motivation for [43] was to test Hori-Seiberg dualities in 2d gauge theories
using the correlation function obtained with supersymmetric localization. Our motivation
for this paper is similar: to test the Hori-Seiberg dualities by comparing the correlation
function in B-twisted mirror LG models. Thus, we will derive the correlation functions of
the B-twisted LGs with massive orbifold as well as give a physical explanation of assigning
different values of weights for different orbifolds in summing the twisted sectors. In section
2, we provide the correlation function for the LGs with massive orbifolds. One can find it is
much more straightforward than the gauge theory side to obtain the correlation functions
of massive orbifolds. In section 3, we summarize some basic facts of the N=(2,2) gauge
theories as well as the nonabelian mirror proposals, these are for serving the following sec-
tions. Finally, in section 4 and 5 we use the formula of the correlation function of massive
orbifolds to check the match of correlation function across the Hori-Seiberg dualities in the
mirrors.
2 Orbifolds of topological Landau-Ginzburg models
In this section, we provide a formula for correlation functions of topological Landau-Ginzburg
models with massive orbifolds. It is an extension of Vafa’s work [1], and most techniques
we use here have already been developed in that paper.
The Landau-Ginzburg theories we mainly consider in this paper are defined on Z2 orb-
ifolds of noncompact Calabi-Yau manifolds Ms with superpotentials, where the 2d world-
sheet N = (2, 2) theories are still B-twistable even if the Z2 breaks3 the Calabi-Yau struc-
ture [44]. If the superpotential is a quasi-homogeneous function, we can apply A-twist to
this model as well.
For the flat worldsheet, one can formally write out the Lagrangian in terms of superspace
coordinates as
L =
∫
d4θK(X i, Xi) +
∫
d2θW (Xi) + c.c. (2.1)
The model may have some discrete global symmetry G1 as well as the discrete gauge sym-
metry G2. The Ka¨hler potential and the superpotential should be invariant
4 under the
transformation of these groups. In this paper, we are interested in the B-twisted topological
Landau-Ginzburg model which can be defined on an arbitrary curved closed worldsheet-Σg .
The action, in terms of component fields, is
3Our definition of Calabi-Yau manifold in this paper is: existing a nowhere vanishing holomorphic volume
form.
4Or up to a 2pii shift of the theta angle; for example, see the mirror of the pure SO(3) gauge theory [24].
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S =
∫
d2z
(
∂µx
i∂µxj¯ηij¯ − iηij¯ψ
j¯∂z¯ρ
i
z
+iηij¯ψ
j¯
∂zρ
i
z¯ +
1
8
ηj¯i∂j¯W∂iW
+
1
4
(
∂i∂jWρ
i
z¯ρ
j
z
)
+
1
4
(
∂i¯∂j¯Wψ¯
i¯ψ¯j¯
))
.
The B-twisted supersymmetric transformation of these component fields are
δxi = 0, δxi¯ = −ǫ
(
ψ i¯ + ψ
i¯
)
δ(ψ i¯ − ψ
i¯
) = ǫ¯η i¯j∂jW, δ
(
ψ i¯ + ψ
i¯
)
= 0,
δρiµ = −2ǫ¯∂µx
i.
The x and ψ fields are worldsheet scalars while the ρs are the worldsheet one-form fields.
One can easily find that the physical observables are holomorphic functions of xi modulo
the ∂iW which is QB exact. The chiral ring is simply the ring of functions on M module
the ideal of functions of the form ∂iW . If the theory has gauge group G2, all these physical
observables should be gauge invariant under this gauge symmetry. However, we do not
require the physical operators to be invariant under the global symmetry G1, they can be
some nontrivial representation of the global symmetry.
Now, we (re)-derive the correlation functions of B-twisted Landau-Ginzburg models with
some discrete symmetries. Most cases have already been derived by Vafa [1], with one special
case missed in Vafa’s paper. We fill this gap in the literature and will also give comments
on the existence formulas of the correlation functions of topological Landau-Ginzburg with
massless orbifolds. The path integral of the correlation function formally can be written as
〈O〉 =
∫ ∏
i
[Dxi][Dxi][Dψi][Dψi][Dρi][Dρi]e
−SO. (2.2)
We can apply localization techniques to compute the path integral, and the path integral
depends solely on the QB fixed points obeying
∂µx = 0, ∂iW = 0, (2.3)
so only constant maps into critical points of W are important to the path integral. We
should emphasize that the discrete gauge symmetry might permute the variables, and the
critical loci should modulo these permutations. We also assume the critical loci are isolated.
For the non-isolated case, we could possibly turn on the RG-flow relevant term to make it
isolated. One exception is the massless orbifold theory which we comment later on. All
these were already discussed in the literature, except one special case was missed. Imagine
we have the following vacua equation
(x− a1) · · · (x− an) = (−1)
n−1(−x− a1) · · · (−x− an), ai 6= aj if i 6= j. (2.4)
3
From the above, one can notice the theory could have a Z2 discrete symmetry acting on the
variable as
x 7→ −x. (2.5)
If one xm is vanishing, there is a special vacuum: x = 0. If the target space is an orbifold,
the vacuum x = 0 intersects with the orbifold fixed point and the twisted sector of this
orbifold has a non-vanish Hessian factor that can contribute to the high genus correlation
function. We call this orbifold in this paper as massive orbifold and we should take into
account the contribution from the twisted sector of this orbifold [45, 46]. This Z2 could
be a subgroup of a bigger discrete group G2 which will be mainly discussed in the later
application. One can consider tensor product of massive orbifolds such as ZN2 . This may be
useful for studying the massive mirror-pair LG theories.
Now, we can perform the path integral if we know the constant modes of each field.
For Landau-Ginzburg models without the massive Z2 orbifold, the constant modes are well
known in the literature. Each of xi, xi¯, ψi and ψ
i¯
has a single constant mode. By contrast,
for the genus-g worldsheet, each of one-form fields ρiz and ρ
i
z¯ has g “constant modes.” Now,
we can evaluate the path integrals for each constant modes:∫ ∏
i
dxidxi¯e
− 1
4
ηij¯∂iW∂j¯W =
∑
vacua
1
HH
, (2.6)
∫ ∏
i
dψidψi¯e
− 1
2
∂i¯∂j¯Wψ
i¯ψ
j¯
=
∑
vacua
H, (2.7)
∫ ∏
i
dρgi dρ
g
i¯
e−
1
2
∂i∂jWρ
i
z¯ρ
j
z =
∑
vacua
Hg, (2.8)
where H is
H = det ∂i∂jW. (2.9)
Therefore, the general expression of correlation functions is
〈O〉g =
∑
vacua
O
H1−g
. (2.10)
Eq.(2.10) has already been derived by Vafa [1]. Furthermore, he also computed the
correlation functions of SCFTs. For the case with massive orbifolds, the twisted sector
contributes to the higher genus correlation functions due to the “constant modes” of one-
form fields ρ in the twisted sector. Therefore, the derivation should be refined for this
orbifold case as well. More precisely, for Z2 orbifold fixed point twisted sector, the fields
obey the following antiperiodic condition
X(σ + 2π) = −X(σ). (2.11)
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So the worldsheet scalar fields x, x, ψi and ψ
i¯
all have no constant mode. But we still have
g − 1 for each worldsheet one-form field [47]. The path integral of the twisted sectors are
surprising much easier than the untwisted sector5, and it is∫ ∏
i
dρg−1i dρ
g−1
i¯
e−
1
2
∂i∂jWρ
i
z¯ρ
j
z =
∑
twisted
Hg−1(x = 0). (2.12)
so the twisted sector’s piece to the correlation function is
〈O〉twisted =
∑
twisted
O
H1−g(x = 0)
. (2.13)
One can easily find that it shares a similar formula with the untwisted sector’s at the vacua
x = 0. One may notice that we have already set all the 2g cycles of the genus-g worldsheet
Σg with the antiperiodic boundary condition in getting the formula (2.12). However, we
do not have to impose all of the cycles to have the antiperiodic boundary condition. The
situation where periodic boundary condition on some cycles while antiperiodic boundary
condition on the others also belongs to the twisted sector, and one can easily derive that
the path integral of such is also expressed in terms of formula (2.13). The untwisted sector
corresponds to the field that has the periodic boundary condition on all of the worldsheet
cycles. The path integral requires us to sum all of the possibilities with weight v for the
untwisted sector and w for the twisted sector to manifest the different orbifold projections.
These weights are related to the discrete torsion [48, 49]. Thus, one may suggest that
all these weights should all be 1 because the discrete torsion (H2 (Z2, U(1))) is trivial .
However, as mentioned in [11] that dressing Z2 with the operator (−1)F would affect the
orbifold projection. Following Hori’s normalization convention of the operator (−)F on
the Ramond ground state, the weights may have two possible values: 1 and -1. One can
figure out the values of these two weights by studying the genus-zero as well as the genus-
one correlation functions. A concrete example would be useful for understanding all these
details, so let us first consider the simplest massive Landau-Ginzburg model: a target space
C which we denote X , with the superpotential,
W = X2
The theory has a Z2 global symmetry such that the Lagrangian is invariant under the
transformation X 7→ −X . The ground state dW = 0 and the Hessian d2Wvacua can be
computed:
X = 0 d2Wvacua = 2.
One can compute the correlation function of the genus-g worldsheet topological B-twisted
LG theory
〈O(X)〉g = O(X)
(
d2W
)g−1
vacua
.
5In gauge theory side, the derivation of the correlation function from the twisted sector is more compli-
cated than the untwisted sector [43].
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The question is what happens if we gauge the Z2 global symmetry. It is known that the
theory after gauging the Z2 global symmetry is dual to the theory before gauging, so we
only have one ground state at X = 0. Let us consider the genus-zero correlation function
first,
〈O(X)〉g=0 =
1
|Z2|
O(X)
d2W vacua
=
O(X)
2d2W vacua
.
So the genus zero correlation function tells us how the Hessian rescales when we gauged
some discrete global symmetry. Next, from the torus correlation function which we have to
take into account the twisted sectors, we find
〈O(X)〉g=1 =
1
2
v〈O(X)〉untwisted +
3
2
w〈O(X)〉twisted =
v + 3w
2
O(X)X=0.
The factor three in front of w can be explained by the fact that the genus-one curve has
three orbifold twisted sectors from the possible anti-boundary conditions on the two cycles
of the torus. We also have used the fact that the Hessian of the twisted sector equals to the
Hessian of the untwisted sector. Because the number of the ground state is one, we thus
impose
v + 3w
2
= 1.
This suggests that
v = −1, w = 1. (2.14)
One can then use these values of weights for computing the higher genus correlation func-
tions.
The next simplest LG model we consider is the target space C2/Z2 with a superpotential
W = X21 +X
2
2 ,
where the orbifold acts on the fields by the following
X1 7→ −X1, X2 7→ −X2.
This LG model has two ground states and one of them corresponds to the twisted sector of
the orbifold fixed point. Let us again consider the sphere correlation function:
〈O(X)〉g=0 =
1
|Z2|
O(X)
d2W vacua
= 2
O(X)
4d2W Xi=0
.
The factor two in the correlation function indicates that we have taken into account the
twisted sector vacua of the Z2 orbifold, so one can read how the Hessian rescales from the
genus-zero correlation function. Next, we check the torus correlation function to see what
are the weights of this case:
〈O(X)〉g=1 =
1
2
v〈O(X〉)untwisted +
3
2
w〈O(X)〉twisted =
v + 3w
2
O(X)X=0 = 2O(X)X=0.
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We have picked up the normalization factor two to indicate that we have included the
twisted vacua. So one can easily see that we shall impose
v = 1, w = 1. (2.15)
We will use these normalization rules later on to check the match of the correlation functions
between the dual theories. One can easily notice that the discussion of the above two cases
can be generalized to other massive theories.
Eventually, we arrive at the genus-g correlation functions of the Z2 orbifold theories
〈O(X)〉g =
1
2
〈O(X)〉X 6=0 +
1
2
vg〈O(X)〉untwisted +
1
2
[(v + 3w)g − vg] 〈O(X)〉twisted
=
1
2
〈O(X)〉X 6=0 +
1
2
(v + 3w)g 〈O(X)〉X=0. (2.16)
Our formula is slightly different from the formula derived in [43]. For the vacua do not
intersect with the orbifold fixed point, we simply divide by two in front of the computation
as no twisted sector needs to be summed, while for the vacua intersect with the orbifold
fixed point, we assign the weight v to the untwisted sector while the weight w to the twisted
sector to manifest the different orbifold projections.
Generalization: one may be interested in the case of ZN2 massive LG orbifold such as
W =
X211 + · · ·+X
2
1i1
Z2
+ · · ·+
X2N1 + · · ·+X
2
NiN
Z2
. (2.17)
The correlation function can be derived by using the factorization feature of the correspond-
ing path integral
〈O(X)〉g = 〈O1(X)〉g · · · 〈ON(X)〉g (2.18)
=
(
1
2
(v1 + 3w1)
g 〈O1(X)〉X1=0
)
×
· · · ×
(
1
2
(vN + 3wN)
g 〈ON(X)〉XN=0
)
=
1
2N
(v1 + 3w1)
g · · · (vN + 3wN)
g 〈O(X)〉X=0.
Comment on the massless orbifold: for an orbifold LG, the massless orbifold is defined
by
d2W = 0 at the orbifold vacua.
The correlation function of the higher genus (g > 1) can be obtained by summing twisted
sectors:
〈O(X)〉 ∝ f(v, w)O(X)Hg−1vacua = 0.
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The higher genus correlation functions of the massless orbifold are vanishing, while the only
nontrivial correlation function is the genus-zero correlation function which has already been
computed in [1]. A similar selection rule in the nonlinear sigma model can be found at [52].
3 Two-dimensional Hori-Seiberg dual and mirror sym-
metry
In this section, we briefly summarize some features of two-dimensional nonabelian gauge
theories and their mirrors. Consider the GLSM with rank Nc compact Lie gauge group
G. It has a vector superfield in adjoint representation of the gauge group G with roots αaµ
as well as it could also have matter fields in the representations of the gauge group with
weights ρai . When matter fields and W -bosons are heavy, we can integrate out the matter
fields to the “Coulomb branch,” to induce a twisted effective superpotential
Weff = −
Nc∑
a=1
taΣa−
∑
i,a
(∑
a
ρaiΣa −mi
)[
log
(∑
a
ρaiΣa −mi
)
− 1
]
−
∑
pos′
iπαaµ˜Σa, (3.1)
where
ta = ra − iθa.
As the W -bosons are heavy, we have to impose
σa 6= σb, if a 6= b. (3.2)
The σa is the lowest component of the field strength superfield Σa. The observables are
some gauge invariant function of σa denoted by O(σa). The vacua are the solutions of the
vacua equation [50]:
exp
(
∂Weff
∂σa
)
= 1, ω · σ 6= σ, ∀ω ∈ WG, (3.3)
the index a = 1, · · · , Nc, and the vacua are defined by modulo the Weyl orbifold WG. The
second condition in (4.26) means we have no vacua in the strong coupling region which can
be understood from the mirror symmetry [24].
When the GLSM couples to the curved spacetime, it is useful to test the dualities by
defining a constant term in the path integral [43] in keeping track of the overall normalization
factor across the duality:
e−
∫
d2x
√
gc = e−(g−1)c = Cg−1. (3.4)
Furthermore, the flavor symmetry of the theory can be gauged by turning on the twisted
masses and the “flux operators” defined in [43]:
ΠF = exp
(
∂Weff
∂mF
)
.
8
In this paper, for simplicity, we will not turn on flux operators in the following discussions.
However, we will comment on how these operators affect mirror construction later on. For
the massive theory with a connected gauge group, the correlation function has a neat formula
obtained by the supersymmetric localization or the Bethe ansatz:
〈O(σ)〉 =
∑
vacua
O(σ)
H1−g(σ)
, (3.5)
where the H is
H(σ) = C det (−∂a∂bWeff )
(∏
i
(ρai σa +mi)
∏
µ
αaµσa
)−1
. (3.6)
For the disconnected gauge theory like O(k) case, the formula (3.6) is modified by including
the twisted sector from the Z2 orbifold [43]. In the next section, we derive the similar results
in [43] by considering the mirror LG models.
Like the higher dimensional supersymmetric gauge theories, the dynamics of 2d gauge
theory is very rich. It was proposed by Hori [11] that two-dimensional gauge theories have
infrared-dual pairs which is reminiscent of four-dimensional Seiberg dualities. We briefly
summarize some of them here, for N ≥ k, there exist IR dualities:
SO(k) ↔ O+(N − k + 1), (3.7)
O+(k) ↔ SO(N − k + 1), (3.8)
O−(k) ↔ O−(N − k + 1), (3.9)
where in each case
• the theory on the left has N massless vectors x1, · · · , xN , with twisted masses −mi
and vanishing R-charges, and
• the theory on the right has N vectors x˜1, · · · , x˜N with all R-charges 1, of twisted
masses mi, along with (1/2)N(N + 1) singlets sij = +sji with vanishing R-charges,
1 ≤ i, j ≤ N , of twisted mass −mi −mj , and a superpotential
W =
∑
i,j
sij x˜
i · x˜j . (3.10)
The mesons in the two theories are related by
sij = xi · xj . (3.11)
The dualities are only claimed to exist when all the theories in question are regular, in the
sense of [11], which constrains the discrete theta angle. In [26], we study the mirrors of these
gauge theories and we examined the mirrors to each side of the first two dualities above,
using an extension of the nonabelian mirrors proposal of [24], and argue that the mirrors of
9
the duals are equivalent.
Nonabelian mirrors: In [24], we proposed that the mirror of a nonabelian GLSM is a
Weyl-group-orbifold of a Landau-Ginzburg model. The Landau-Ginzburg model has the
following matter fields:
• r chiral superfields Σa, corresponding to a choice of Cartan subalgebra of the Lie
algebra of G,
• N chiral superfields Yi, each of imaginary periodicity 2πi, corresponding to matters
with arbitrary representations Rm in gauge theory,
• L chiral superfields Xµ, corresponding to the roots of the group G
with superpotential
W =
r∑
a=1
Σa
∑
m
∑
ρ∈ΛRm
ρaYρm −
L∑
µ=1
αaµ lnXµ − ta
 (3.12)
+
N∑
i=1
miYi +
N∑
i=1
exp (−Yi) +
L∑
µ=1
Xµ.
The mirror above assumes that the gauge theories do not turn on the “flavor flux opera-
tors.” However, if turn on the “flavor flux operators” in the gauge theories, one needs to
redefine the fundamental variables of the mirror to reflect the “gauging flavor symmetry.”
6 The constant Cg−1 is T-duality invariant and will also show up in the mirror Landau-
Ginzburg models’ correlation functions [24, 51].
4 SO/O+ dualities in the mirror
In the mirror, we also integrate out “matter fields” to the effective theory which depends
solely on Σ fields.
4.1 Mirror to O+(k)/SO(k) gauge theory
Following [24][sections 9, 10], the mirror is an orbifold of a Landau-Ginzburg model with
fields
• Yiα, i ∈ {1, · · · , N}, α ∈ {1, · · · , k},
• Xµν = exp (−Zµν), Xµν = X−1νµ , µν ∈ {1, · · · , k} (excluding X2a−1,2a),
6T-duality exchanges the isometry of one-side with the winding states of the other side. The flavor flux
operator becomes to the nontrivial measure factor in mirror path-integral under T-duality, which suggests
the right variables one should use in the mirror.
10
• Σa, a ∈ {1, · · · , Nc} where for k even, k = 2Nc, and for k odd, k = 2Nc + 1,
with superpotential
W =
Nc∑
a=1
Σa
(∑
iαβ
ρaiαβYiβ +
∑
µ<ν;µ′,ν′
αaµν,µ′ν′Zµ′ν′ − t
)
+
∑
iα
exp (−Yiα) +
∑
µ<ν
Xµν
−
∑
i,α
miYiα. (4.1)
There is no continuous FI parameter, but we retain t to allow for the possibility of a discrete
theta angle. The dualities discussed in [11] only apply to regular theories in the sense of [11],
which means we turn on mod 2 theta angle, if N − k is even and we turn off the mod 2
theta angle, if N − k is odd. In the superpotential above, we take
ρaiαβ = δα,2a−1δβ,2a − δβ,2a−1δα,2a, (4.2)
αaµν,µ′ν′ = δνν′ (δµ,2a−1δµ′,2a − δµ,2aδµ′,2a−1)
+ δµµ′ (δν,2a−1δν′,2a − δν,2aδν′,2a−1) . (4.3)
Let us split the discussion into four classes:
• k = 2Nc, N = 2Nf For a regular theory, we turn on the mod 2 theta angle such
that q = e−t = −1. From the vacua equation,
exp
(
∂Weff (σ)
∂σa
)
= 1.
We can obtain
N∏
i=1
(σa −mi) = (−1)
k+1
N∏
i=1
(−σa −mi) , (4.4)
with the excluded locus
σa 6= ±mi, σa 6= σb a 6= b. (4.5)
See [11, 26]. The degree N polynomial (4.4) has N different roots, of the form
σ = ±σ̂1, · · · ,±σ̂Nf , (4.6)
where for generic mass parameters, all of the roots are non-zero. For O+(k), none of
these roots intersect with fixed point locus of the orbifold, and for each nonzero root
σ̂p, the two signs ±σ̂p are exchanged by a Z2 subgroup of the orbifold group, so define
the same vacuum, we count (
Nf
Nc
)
.
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Like [43], we denote those vacua as S(Nc, Nf). While for SO(k) case, the Z2 is a
global symmetry such that we should treat ±σ̂p are two different vacua, and we count
2
(
Nf
Nc
)
.
The computation of the correlation function of SO(k) case:
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
2O0(σ̂
2
p)H(σ̂p)
g−1, (4.7)
with
H(σ̂a) = C
∏
i,a (m
2
i − σ̂
2
a)∏
a6=b (σ̂
2
a − σ̂
2
b )
[∏
a
∑
i
(
1
σ̂a −mi
−
1
σ̂a +mi
)]
(4.8)
= C
∏
i,a (m
2
i − σ̂
2
a)∏
a6=b (σ̂
2
a − σ̂
2
b )
∏
a P
′ (σ̂a)∏
i,a (σ̂a −mi)
,
where we have used the fact in [43] [page 23, equation (4.20)], the P (σ) is
P (σ) = 2
Nf∏
p=1
(
σ2 − σ̂2p
)
. (4.9)
One can notice that the Pfaffian of σ, Pf(σ) =
∏
a σa, is a physical observable in the
SO(k) theory in contrast to the O+(k) group. Because the Z2 is a global symmetry in
SO(k) theory while it is a gauge symmetry in the O+(k) case. However like comment
in [43] [page 33-34], the vacua expectation value of this operator is zero as well.
Next, we can write out the correlation function of O+(k), because the vacua do not
intersect with the orbifold fixed point, thus we do not need to consider the twisted
sectors.
〈O0 + τ · O1(σ
2
a)〉g =
1
2
∑
p∈S(Nc,Nf )
2O0(σ̂
2
p)H(σ̂p)
g−1 =
∑
p∈S(Nc,Nf )
O0(σ̂
2
p)H(σ̂p)
g−1.
(4.10)
The twist operator τ corresponds to the Pfaffian operator in the twisted chiral ring
which is defined in [11,43]. We also use the fact that τ operator’s correlation function
must vanish.
• k = 2Nc, N = 2Nf + 1 For a regular theory, we turn off the mod 2 theta angle
such that q = e−t = 1. From the vacua equation,
exp
(
∂Weff (σ)
∂σa
)
= 1. (4.11)
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We can obtain the vacua equation
N∏
i=1
(σa −mi) = (−1)
k
N∏
i=1
(−σa −mi) , (4.12)
with the excluded locus
σa 6= ±mi, σa 6= σb a 6= b. (4.13)
This polynomial (4.12) has N different roots, of the form
σ = 0,±σ̂1, · · · ,±σ̂Nf , (4.14)
The vacua solutions have Nf pairs of non-zero roots and one root at σ = 0. For O+(k),
one root intersects with fixed point locus of the Z2 orbifold, and the twisted sector
should be taken into account. The non-zero roots of two signs ±σ̂p are exchanged by
a Z2 subgroup of the orbifold group, so define the same vacuum, we count(
Nf
Nc
)
+ 2
(
Nf
Nc − 1
)
.
For SO(k), the Z2 is a global symmetry which means no twisted sector should be
taken into account. When we choose, for example, one σ1 = 0, the global symmetry
Z2 trivially acts on the ground states. However, if count the solutions of σa’s are all
non-zero roots, we treat ±σ̂p are two different vacua, we count the vacua number is
2
(
Nf
Nc
)
+
(
Nf
Nc − 1
)
.
The correlation function of SO(k)-case can be computed directly
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
2O0(σ̂
2
p)H(σ̂p)
g−1 +
∑
p∈S(Nc−1,Nf)
O0(σ̂
2
p)H(σ̂p, 0)
g−1.
(4.15)
The correlation function of the case of O+(k) is more complicated and we need to take
into account the twisted sector
〈O0 + τ · O1(σ
2
a)〉g =
1
2
 ∑
p∈S(Nc,Nf )
2O0(σ̂
2
p)H(σ̂p)
g−1 + vg
∑
p∈S(Nc−1,Nf )
O0(σ̂
2
p)H(σ̂p, 0)
g−1

+
1
2
[(v + 3w)g − vg]
 ∑
p∈S(Nc−1,Nf )
O0(σ̂
2
p)H(σ̂p, 0)
g−1
 (4.16)
=
∑
p∈S(Nc,Nf )
O0(σ̂
2
p)H(σ̂p)
g−1 +
∑
p∈S(Nc−1,Nf )
2O0(σ̂
2
p) (4H(σ̂p, 0))
g−1
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We have taken into account the twisted sector in the above equation following section
2, and we have set v = w = 1 by discussing the genus-zero as well as genus-one
correlation functions. The factor H(σp) is
H(σ̂p) = C
∏
i,a (m
2
i − σ̂
2
a)∏
a6=b (σ̂
2
a − σ̂
2
b )
∏
aQ
′ (σ̂a)∏
i,a (σ̂a −mi)
, (4.17)
where Q(σ) is
Q(σ) = 2σ
Nf∏
p=1
(
σ2 − σ̂2p
)
. (4.18)
The factor H(σ̂p, 0) is
H(σ̂p, 0) = C
∏
i,a (m
2
i − σ̂
2
a)∏
a6=b (σ̂
2
a − σ̂
2
b )
[∏
a
∑
i
(
1
σ̂a −mi
−
1
σ̂a +mi
)]
|σ̂Nc=0 (4.19)
= C
∏
i,a6=Nc (m
2
i − σ̂
2
a)
∏
im
2
i
(
−
∑
i
2
mi
)∏
a6=Nc Q
′ (σ̂2a)∏
i,a6=Nc (σ̂a −mi)
∏
a6=Nc σ̂
2
a
∏
b6=Nc (−σ̂
2
b )
∏
a6=b6=Nc (σ̂
2
a − σ̂
2
b )
= H(σ̂p) |σ̂Nc=0
• k = 2Nc + 1, N = 2Nf For a regular theory, we turn off the mod 2 theta angle
such that q = e−t = 1. From the vacua equation,
exp
(
∂Weff (σ)
∂σa
)
= 1.
One can get
N∏
i=1
(σa −mi) = (−1)
k
N∏
i=1
(−σa −mi) , (4.20)
with the excluded locus
σa 6= ±mi, σa 6= σb a 6= b, σa 6= 0 (4.21)
This degree N polynomial (4.20) has N
2
pairs non zero roots, of the form
± σ̂1, · · · ,±σ̂Nf . (4.22)
For O+(k), for each nonzero root σ̂p, the two signs ±σ̂p are exchanged by the orbifold
group, so define the same vacua. However, due to the even number of the flavor matter
fields’ last components [11, 26], we count
2
(
Nf
Nc
)
.
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For SO(k) case, we count (
Nf
Nc
)
.
For SO(k), the correlation function again can be computed directly which is
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
O0(σ̂
2
p)H(σ̂p)
g−1. (4.23)
Now we can deduce the correlation function of the case of O+(k). Because the vacua
intersect with orbifold fixed point, we need to sum the twisted sectors:
〈O0+τ ·O1(σ
2
a)〉g =
(v + 3w)g
2
∑
p∈S(Nc,Nf )
O0(σ̂
2
p)H(σ̂p)
g−1 = 2
∑
p∈S(Nc,Nf )
O0(σ̂
2
p) (4H(σ̂p))
g−1 ,
(4.24)
with
H(σ̂a) = C
∏
i(−mi)
∏
i,a (m
2
i − σ̂
2
a)∏
a σ̂
2
a
∏
a6=b (σ̂
2
a − σ̂
2
b )
∏
a P
′ (σ̂a)∏
i,a (σ̂a −mi)
. (4.25)
We have set v = w = 1 from the study of the sphere as well as torus correlation
functions.
• k = 2Nc + 1, N = 2Nf + 1 For a regular theory, we turn on the mod 2 theta
angle such that q = e−t = −1. One has the vacua equation
N∏
i=1
(σa −mi) = (−1)
k+1
N∏
i=1
(−σa −mi) , (4.26)
with the excluded locus
σa 6= ±mi, σa 6= σb for a 6= b, σa 6= 0. (4.27)
This degree N polynomial (4.20) has (N−1)
2
pairs non zero roots and one root at σ = 0,
of the form
σ = 0,±σ̂1, · · · ,±σ̂Nf . (4.28)
For O+(k), for each nonzero root σ̂p, the two signs ±σ̂p are exchanged by the orbifold
group, so define the same vacuum. The zero root locates at the excluded locus that
we should avoid. For odd number of the matter field, we count(
Nf
Nc
)
.
For SO(k) case, we have (
Nf
Nc
)
.
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The correlation function of SO(k) is
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
O0(σ̂
2
p)H(σ̂p)
g−1. (4.29)
Now we can deduce the correlation function of the case of O+(k), which is
〈O0 + τ · O1(σ
2
a)〉g =
(v + 3w)g
2
∑
p∈S(Nc,Nf )
O0(σ̂
2
p)H(σ̂p)
g−1 (4.30)
=
∑
p∈S(Nc,Nf )
O0(σ̂
2
p) (2H(σ̂p))
g−1 ,
with
H(σ̂a) = C
∏
i(−mi)
∏
i,a (m
2
i − σ̂
2
a)∏
a σ̂
2
a
∏
a6=b (σ̂
2
a − σ̂
2
b )
∏
aQ
′ (σ̂a)∏
i,a (σ̂a −mi)
. (4.31)
We have set v = −1 and w = 1.
4.2 Mirror to dual SO(N − k + 1)/O+(N − k + 1)
The mirror superpotential of these gauge theories is
W =
NDc∑
aD=1
ΣDa
(
−
∑
i,α,β
ρa
D
iαβ ln
(
W iβ
)2
−
∑
µ<ν;µ′,ν′
αa
D
µν;µ′ν′ lnXµν − t˜
)
+
∑
iα
(
W iα
)2
+
∑
µ<ν
Xµν +
∑
i≤j
exp (−Tij)
−
∑
iα
2mi lnW
iα −
∑
i≤j
(mi +mj) Tij, (4.32)
where
ρa
D
iαβ = δα,2aD−1δβ,2aD − δβ,2aD−1δα,2aD , (4.33)
αa
D
µν,µ′ν′ = δνν′
(
δµ,2aD−1δµ′,2aD − δµ,2aDδµ′,2aD−1
)
+ δµµ′
(
δν,2aD−1δν′,2aD − δν,2aDδν′,2aD−1
)
. (4.34)
The case N − k+1 odd is described in a formally identical fashion. Here, we define NDc by
N − k + 1 = 2NDc + 1, and in the description of the Weyl group, the kernel K is taken to
be all of (Z2)
NDc . Its action on the fields is identical to the case N − k + 1 even – meaning,
for example, that W i,N−k+1 = W i,2N
D
c +1 is invariant under the Weyl group orbifold.
It is straightforward to verify that on the critical locus, one has the Coulomb branch
relation
N∏
i=1
(
σDa − mi
)
= (−)N−k+1q˜
N∏
i=1
(
−σDa − mi
)
. (4.35)
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The excluded locus computed from the critical locus relations for the W fields above is then
σDa 6= ±mi. (4.36)
From the X fields, for aD 6= bD,
σDa 6= ±σ
D
b , (4.37)
and for N − k + 1 odd, we also have
σDa 6= 0. (4.38)
For dual SO case, one can argue that the orbifold group will exchange roots, but the crit-
ical locus will not intersect the fixed point locus of the orbifold in this mirror, so in this
particular mirror we do not have to consider any twisted sector ground states. For dual
O+, we could have vacua intersect with Z2 orbifold fixed point such that we have taken into
account the twisted sector.
The computation of correlation functions in the dual theories is almost the same as we
did in section 4.1, thus we will just list the results.
• N − k + 1 = 2NDc , N = 2Nf For a regular theory, we turn on the mod 2 theta
angle. The vacua equation is
N∏
i=1
(σaD −mi) = (−1)
N−k
N∏
i=1
(−σaD −mi) , (4.39)
with the excluded locus
σaD 6= ±mi, σaD 6= σbD ifa
D 6= bD. (4.40)
The degree N polynomial (4.39) has N different roots, of the form
σ = ±σ̂1, · · · ,±σ̂Nf , (4.41)
where for generic mass parameters, all of the roots are non-zero. For O+(N − k + 1),
none of these roots intersect with fixed point locus of the orbifold, and for each nonzero
root σ̂pD , the two signs ±σ̂pD are exchanged by a Z2 subgroup of the orbifold group,
so define the same vacuum, we count (
Nf
NDc
)
.
Those vacua can be denoted as S(NDc , Nf ). While for SO(N − k + 1) case, we count
2
(
Nf
NDc
)
.
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The correlation function of SO(N − k + 1) case is:
〈O0 + Pf(σ)O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf)
2O0(σ̂
2
pD)HD(σ̂pD)
g−1, (4.42)
with
HD(σ̂aD) = CD
∏
i≤j (−mi −mj)∏
aD 6=bD
(
σ̂2
aD
− σ̂2
bD
) [∏
aD
∑
i
(
1
σ̂aD +mi
−
1
σ̂aD −mi
)]
(4.43)
= CD
∏
i≤j (−mi −mj)∏
aD 6=bD
(
σ̂2
aD
− σ̂2
bD
) ∏aD P ′ (σ̂aD)∏
i,aD (σ̂aD +mi)
.
The correlation function for O+(N − k + 1) is
〈O0 + τ · O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf )
O0(σ̂
2
pD)HD(σ̂pD)
g−1. (4.44)
• N −k+1 = 2NDc , N = 2Nf +1 For a regular theory, we turn off the mod 2 theta
angle. The vacua equation is
N∏
i=1
(σaD −mi) = (−1)
N−k+1
N∏
i=1
(−σaD −mi) , (4.45)
with the excluded locus
σaD 6= ±mi, σaD 6= σbD ifa
D 6= bD. (4.46)
This polynomial (4.45) has N different roots, of the form
σ = 0,±σ̂1, · · · ,±σ̂Nf . (4.47)
For O+(N − k + 1), we count the vacua(
Nf
NDc
)
+ 2
(
Nf
NDc − 1
)
.
For SO(N − k + 1), the vacua number is
2
(
Nf
NDc
)
+
(
Nf
NDc − 1
)
.
The correlation function for the SO(N − k + 1)-case is
〈O0+Pf(σ)O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf)
2O0(σ̂
2
pD)HD(σ̂pD)
g−1+
∑
pD∈S(NDc −1,Nf)
O0(σ̂
2
pD)HD(σ̂pD , 0)
g−1.
(4.48)
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The factor HD is
HD(σ̂pD) = CD
∏
i≤j (−mi −mj)∏
aD 6=bD
(
σ̂2
aD
− σ̂2
bD
) ∏aQ′ (σ̂aD)∏
i,aD (σ̂aD +mi)
, (4.49)
where Q(σ) is
Q(σ) = 2σ
Nf∏
pD=1
(
σ2 − σ̂2pD
)
. (4.50)
The correlation function for the O+(N − k + 1)-case is
〈O0+τ ·O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf )
O0(σ̂
2
pD)HD(σ̂pD)
g−1+
∑
pD∈S(NDc −1,Nf )
2O0(σ̂
2
pD)
(
4HD(σ̂pD , 0)
)g−1
.
(4.51)
• N −k+1 = 2NDc +1, N = 2Nf For a regular theory, we turn off the mod 2 theta
angle. The vacua equation is
N∏
i=1
(σaD −mi) = (−1)
N−k
N∏
i=1
(−σaD −mi) , (4.52)
with the excluded locus
σaD 6= ±mi, σaD 6= σbD ifa
D 6= bD, σaD 6= 0 (4.53)
For O+(N − k + 1), we count the vacua number
2
(
Nf
NDc
)
.
While for SO(N − k + 1) case, we count(
Nf
NDc
)
.
The correlation function of SO(N − k + 1) is
〈O0 + Pf(σ˜)O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf)
O0(σ̂
2
pD)HD(σ̂pD)
g−1. (4.54)
with
HD(σ̂aD) = CD
∏
i≤j (−mi −mj)∏
aD σ̂
2
aD
∏
aD 6=bD
(
σ̂2
aD
− σ̂2
bD
) ∏aD P ′ (σ̂aD)∏
i,aD (σ̂aD +mi)
. (4.55)
The correlation function of the case of O+(N − k + 1) is
〈O0 + τ · O1(σ
2
aD)〉g =
∑
p∈S(NDc ,Nf )
2O0(σ̂
2
p) (4HD(σ̂p))
g−1 , (4.56)
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• N − k + 1 = 2NDc + 1, N = 2Nf + 1 For a regular theory, we turn on the mod 2
theta angle. One has the vacua equation
N∏
i=1
(σaD −mi) = (−1)
N−k
N∏
i=1
(−σaD −mi) , (4.57)
with the excluded locus
σaD 6= ±mi, σaD 6= σbD ifa
D 6= bD, σaD 6= 0 (4.58)
For O+(N − k + 1), we count the vacua(
Nf
NDc
)
.
While for SO(N − k + 1) case, we count(
Nf
NDc
)
.
For SO(N − k + 1), the correlation function is
〈O0 + Pf(σ)O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf)
O0(σ̂
2
pD)HD(σ̂pD)
g−1, (4.59)
with
HD(σ̂aD) = CD
∏
i≤j (−mi −mj)∏
aD σ̂
2
aD
∏
aD 6=bD
(
σ̂2
aD
− σ̂2
bD
) ∏aD Q′ (σ̂aD)∏
i,aD (σ̂aD +mi)
. (4.60)
The correlation function for O+(N − k + 1) is
〈O0 + τ · O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf )
O0(σ̂
2
pD)
(
2HD(σ̂pD)
)g−1
. (4.61)
4.3 Comparison of the correlation functions of dual theories
We only do the comparison of the dual pairs SO(k)↔ O+(N − k + 1) in this section. The
match of dual pairs O+(k)↔ SO(N − k + 1) is the same as the previous dual pairs which
we leave this to the interested reader.
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• SO(2Nc)↔ O+(2N
D
c ), N = 2Nf + 1, N
D
c = Nf −Nc + 1:
Map of vacua: the discussion here is the same as in [43]. It is more clear to map the
vacua if we focus on the polynomial Q(z), which is
Q(z) = 2z
Nf∏
p=1
(
z2 − ẑ2p
)
,
where z stands for σ in the SO(2Nc) theory, while is σD in the dual theory.
There are three types of ground states in the SO(2Nc) theory, two types of them
consist of a nontrivial representation of Z2 global symmetry of SO(2Nc) theory. made
the identification by the Weyl orbifold, we can find two types of vacua represented by
Nc-tuples:(
σ̂p1, · · · , σ̂pNc−1 ,±σ̂pNc
)
, p1 < · · · < pNc pa ∈ [Nf ]
These vacua are associated to each element of S(Nc, Nf) . The third type of the vacua
is represented by (Nc − 1)-tuple, which is(
σ̂p1 , · · · , σ̂pNc−1 , 0
)
, p1 < · · · < pNc−1 pa ∈ [Nf ].
These vacua can be denoted as S(Nc − 1, Nf).
The dual theory, there are two types of vacua. One of them is intersecting with Z2
orbifold fixed point and we should take into account the twisted sector, these ground
states can be expressed in terms of a length NDc − 1 vector p
D ∈ S(NDc − 1, Nf). The
representative tuples of roots are(
σ̂pD
1
, · · · , σ̂pD
NDc −1
, 0
)
, pD1 < · · · < p
D
NDc −1 p
D
a ∈ [Nf ].
The other type of ground states can be expressed in terms of NDc vector α
D ∈
S(NDc , Nf): (
σ̂pD
1
, · · · , σ̂pD
NDc
)
, pD1 < · · · < p
D
NDc
pDa ∈ [Nf ].
Follow [11, 43], the dual map is
S(Nc, Nf) ⇔ S(N
D
c − 1, Nf)
S(Nc − 1, Nf) ⇔ S(N
D
c , Nf).
Comparison of the B-twisted correlation functions: Recall the correlation func-
tion for the SO(2Nc) with odd number matter fields is equation (4.15),
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
2O0(σ̂
2
p)H(σ̂p)
g−1 +
∑
p∈S(Nc−1,Nf)
O0(σ̂
2
p)H(σ̂p, 0)
g−1.
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While the correlation function of the dual O+(2N
D
c ) case is given by equation (4.51)
〈O0+τ ·O1(σ
2
a)〉g =
∑
p∈S(NDc ,Nf )
O0(σ̂
2
p)HD(σ̂p)
g−1+
∑
p∈S(NDc −1,Nf )
2O0(σ̂
2
p) (4HD(σ̂p, 0))
g−1 .
It is obvious that the match of the correlation functions can be transferred to the
match of Hessian factors, and indeed follow the appendix A of [43]7, one can prove
that
H(σ̂pa)
4HD(σ̂pD
aD
, 0)
=
H(σ̂pa, 0)
HD(σ̂pD
aD
)
=
C
CD
2−4N
D
c eipi(NcN
D
c +ν) = 1, (4.62)
if we impose the following relation between the contact terms
CD = 2
−4NDc eipi(NcN
D
c +ν)C.
The integer ν can be uniquely determined by the mass parameters.
• SO(2Nc)↔ O+(2NDc + 1), N = 2Nf , N
D
c = Nf −Nc + 1:
Map of vacua: the polynomial determines the map from vacua of one side to vacua of
the other side explicitly
P (z) = 2
Nf∏
p=1
(
z2 − ẑ2p
)
.
For the case of SO(2Nc), the vacua can be represented by Nc-tuples of roots of P (σ)
that satisfy the excluded locus condition:(
σ̂p1 , · · · ,±σ̂pNc
)
p1 < · · · < pNc pa ∈ [Nf ]
These vacua are consisting of the nontrivial representation of the global Z2 symmetry,
which we denote as S(Nc, Nf).
In the dual theory, we only have one type of vacua which can be represented by(
σ̂pD
1
, · · · , σ̂pD
NDc
)
, σ̂1 < · · · < σ̂NDc , p
D
a ∈ [Nf ].
The vacua can be denoted by S(NDc , Nf ). The theory has a Z2 orbifold such that we
should take into account the twisted sector. One can find the vacua match obviously.
The correlation function of the case of SO(2Nc) is 4.7:
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
2O0(σ̂
2
p)H(σ̂p)
g−1,
7One can prove the algebraic identities of that appendix by using the Vieta’s formulas to the equation
(A.1)
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with
H(σ̂a) = C
∏
i,a (m
2
i − σ̂
2
a)∏
a6=b (σ̂
2
a − σ̂
2
b )
[∏
a
∑
i
(
1
σ̂a −mi
−
1
σ̂a +mi
)]
= C
∏
i,a (m
2
i − σ̂
2
a)∏
a6=b (σ̂
2
a − σ̂
2
b )
∏
a P
′ (σ̂a)∏
i,a (σ̂a −mi)
.
While the correlation function of the case of O+(2N
D
c + 1) is equation (4.63)
〈O0 + τ · O1(σ
2
a)〉g =
∑
pD∈S(NDc ,Nf )
2O0(σ̂
2
pD)
(
4HD(σ̂pD)
)g−1
,
with
HD(σ̂aD) = CD
∏
i≤j (−mi −mj)∏
aD σ̂
2
aD
∏
aD 6=bD
(
σ̂2
aD
− σ̂2
bD
) ∏aD P ′ (σ̂aD)∏
i,aD (σ̂aD +mi)
.
The match of the correlation function can be transferred into the match of the Hessian
factor, and one can easily find that
H(σ̂p)
4HD(σ̂pD)
=
C
CD
2−4N
D
c −2eipi(NcN
D
c +ν) = 1,
if
CD = 2
−4NDc −2eipi(NcN
D
c +ν)C.
• SO(2Nc + 1)↔ O+(2NDc ), N = 2Nf , N
D
c = Nf −Nc:
Map of vacua: the P (z) is
P (z) = 2
Nf∏
p=1
(
z2 − ẑ2p
)
.
The ground state is represented by a tuple of roots:
(
σ̂p1 , · · · , σ̂pNc
)
, pa ∈ S(Nc, Nf).
In the dual theory, each ground state can be represented by a tuple of roots:(
σ̂pD
1
, · · · , σ̂pD
Nc
)
, pDa ∈ S(N
D
c , Nf).
So the vacua of the two dual theories match.
The correlation function for SO(2Nc + 1) is
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
O0(σ̂
2
p)H(σ̂p)
g−1.
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The correlation function for the O+(2N
D
c ) case is
〈O0 + τ · O1(σ
2
a)〉g =
∑
pD∈S(NDc ,Nf )
(
O0(σ̂
2
pD)
)
H(σ̂pD)
g−1,
One can find the match of the Hessian
H(σ̂p)
H(σ̂pD)
=
C
CD
2−4N
D
c eipi(NcN
D
c +ν+Nf) = 1,
where we have required
CD = 2
−4NDc eipi(NcN
D
c +ν+Nf)C.
• SO(2Nc + 1)↔ O+(2NDc + 1), N = 2Nf + 1, N
D
c = Nf −Nc:
Map of vacua: the polynomial Q(z) is
Q(z) = 2z
Nf∏
p=1
(
z2 − ẑ2p
)
.
The match of the vacua
S(Nc, Nf)⇔ S(N
D
c , Nf). (4.63)
The correlation function of SO(2Nc + 1) is equ’n (4.29)
〈O0 + Pf(σ)O1(σ
2
a)〉g =
∑
p∈S(Nc,Nf)
O0(σ̂
2
p)H(σ̂p)
g−1.
The correlation function of O+(N − k + 1) is
〈O0 + τ · O1(σ
2
aD)〉g =
∑
pD∈S(NDc ,Nf )
O0(σ̂
2
pD)
(
2HD(σ̂pD)
)g−1
.
The match of the Hessian is given by
H(σ̂p)
2HD(σ̂pD)
=
C
CD
2−4N
D
C −2eipi(NcN
D
c +ν+N
D
C ) = 1,
where
CD = 2
−4ND
C
−2eipi(NcN
D
c +ν+N
D
C )C.
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5 O−(k)/O−(N − k + 1) in the mirror
The mirror of these gauge theories are parallel to the previous section, so we will only list
the results.
• O−(2Nc)↔ O−(2NDc + 1), N = 2Nf , N
D
c = Nf −Nc:
Map of vacua: P (z) is
P (z) = 2
Nf∏
p=1
(
z2 − ẑ2p
)
.
The ground state of the O−(2Nc) theory is represented by the tuples(
σ̂p1 , · · · , σ̂pNc
)
, pa ∈ S (Nc, Nf) .
These vacua do not intersect with orbifold Z2 fixed point, so we do not need to consider
the twisted sector of this case. The ground states of the dual theory O−(2NDc + 1)
theory can be written in terms of NDc length tuples(
σ̂pD
1
, · · · , σ̂pD
NDc
)
, pDa ∈ S
(
NDc , Nf
)
.
The map of vacua is similar to the previous case that pa ↔ pDa .
The correlation function of O−(2Nc) case is
〈O〉g =
1
2
〈O〉g,SO(2Nc) =
1
2
∑
p∈S(Nc,Nf )
2O0(σ̂
2
p)H(σ̂p)
g−1 =
∑
p∈S(Nc,Nf )
O0(σ̂
2
p)H(σ̂p)
g−1.
(5.1)
The correlation function of O−(2NDc + 1) case is
〈O〉g =
(v + 3w)g
2
〈O〉g,SO(2NDc +1) =
∑
pD∈S(NDc ,Nf )
O0(σ̂
2
pD)
(
2HD(σ̂pD)
)g−1
. (5.2)
Here we have set v = −1 and w = 1 from the sphere as well as the torus correlation
function.
Again, the match of the correlation function can be transferred to the match of the
Hessian, and one can find that
H(σ̂p)
2HD(σ̂pD)
=
C
CD
2−4N
D
c −1eipi(NcN
D
c +ν) = 1,
where
CD = 2
−4NDc −1eipi(NcN
D
c +ν)C.
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• O−(2Nc)↔ O−(2NDc ), N = 2Nf + 1, N
D
c = Nf −Nc + 1:
The discussion of the map of vacua between the two dual theories is parallel to the
case SO(2Nc)↔ O+(2NDc ). We simply list the result,
S(Nc, Nf) ⇔ S(N
D
c − 1, Nf)
S(Nc − 1, Nf) ⇔ S(N
D
c , Nf).
The orbifold twisted sectors have been projected out which also should be reflected in
the correlation functions.
The correlation function of O−(2Nc) is
〈O0 + τ · O1(σ
2
a)〉g =
1
2
 ∑
p∈S(Nc,Nf )
2O0(σ̂
2
p)H(σ̂p)
g−1 + vg
∑
p∈S(Nc−1,Nf )
O0(σ̂
2
p)H(σ̂p, 0)
g−1

+
1
2
[(v + 3w)g − vg]
 ∑
p∈S(Nc−1,Nf )
O0(σ̂
2
p)H(σ̂p, 0)
g−1
 (5.3)
=
∑
p∈S(Nc,Nf )
O0(σ̂
2
p)H(σ̂p)
g−1 +
∑
p∈S(Nc−1,Nf )
O0(σ̂
2
p) (2H(σ̂p, 0))
g−1 ,
where we have set v = −1 and w = 1 for projecting the twisted sector. For vacua
do not intersect with the orbifold fixed point, we do not need to consider the twisted
sector. This explains our choice of v and w is different from the choice in [43]. Further-
more, we have no overall minus sign mismatch of the correlation functions between
two dual theories.
The correlation function of O−(2NDc ) is
〈O0 + τ · O1(σ
2
aD)〉g
=
1
2
 ∑
pD∈S(NDc ,Nf )
2O0(σ̂
2
pD)HD(σ̂pD)
g−1 + vg
∑
pD∈S(NDc −1,Nf )
O0(σ̂
2
pD)HD(σ̂pD , 0)
g−1

+
1
2
[(v + 3w)g − vg]
 ∑
pD∈S(NDc −1,Nf )
O0(σ̂
2
pD)HD(σ̂pD , 0)
g−1
 (5.4)
=
∑
pD∈S(NDc ,Nf )
O0(σ̂
2
pD)HD(σ̂pD)
g−1 +
∑
pD∈S(NDc −1,Nf )
O0(σ̂
2
pD)
(
2HD(σ̂pD , 0)
)g−1
,
where we again have set v = −1 and w = 1 for projecting the twisted sector.
The match of the correlation functions can be tested by the match of the Hessian, and
one can find
H(σ̂pa)
2HD(σ̂pD
aD
, 0)
=
2H(σ̂pa, 0)
HD(σ̂pD
aD
)
=
C
CD
2−4N
D
c +1eipi(NcN
D
c +ν) = 1,
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where
CD = C · 2
−4NDc +1eipi(NcN
D
c +ν).
• O−(2Nc + 1)↔ O−(2NDc + 1), N = 2Nf + 1, N
D
c = Nf −Nc:
The map of vacua is
S(Nc, Nf)⇔ S(N
D
c , Nf).
This map also include the twisted sector.
The correlation function of O−(2Nc + 1) is
〈O0 + τ · O1(σ
2
a)〉g =
(v + 3w)g
2
∑
p∈S(Nc,Nf )
O0(σ̂
2
p)H(σ̂p)
g−1 (5.5)
= 2
∑
p∈S(Nc,Nf )
O0(σ̂
2
p) (4H(σ̂p))
g−1 .
We have set v = w = 1 in above.
The correlation function of O−(2NDc + 1) is similar:
〈O0 + τ · O1(σ
2
aD)〉g =
(v + 3w)g
2
∑
pD∈S(NDc ,Nf )
O0(σ̂
2
pD)HD(σ̂pD)
g−1 (5.6)
= 2
∑
pD∈S(NDc ,Nf )
(
O0(σ̂
2
pD)
) (
4HD(σ̂pD)
)g−1
.
The match of Hessian is
H(σ̂p)
HD(σ̂pD)
=
C
CD
2−4N
D
c −1eipi(NcN
D
c +N
D
c +ν) = 1,
where we impose
CD = 2
−4NDc −1eipi(NcN
D
c +N
D
c +ν)C.
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